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Definition

A group Γ is Hopfian if every surjective homomorphism Γ→ Γ is an
isomorphism.

Proposition

Every finitely generated residually finite group is Hopfian.

Theorem

The Baumslag-Solitar group BS(2, 3) is non-Hopfian.

Proof.

...something something HNN extension...something something Britten’s
Lemma.
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Proposition

The wreath product A5 o Z =
(
⊕Z A5

)
o Z is not residually finite.

Proof.

Let Z = 〈t〉 and let u, v ∈ A5 with [u, v ] 6= e. Let N Cf Γ. Claim
[u0, v0] ∈ N. For some m 6= 0, tm ∈ N. Then:

N[u0, v0] = N[u0, t
−mv0t

m] = N[u0, vm].

But [u0, vm] = e.

Exercise

The group A5 o Z is Hopfian.
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Grünberg (1957) determines all residually finite wreath products.

Question

For which groups Γ, ∆ is ∆ o Γ Hopfian?

Example

∆ non-Hopfian⇒ ∆ o Γ non-Hopfian.

Example

Γ non-Hopfian, ∆ abelian⇒ ∆ o Γ non-Hopfian.

Theorem

Γ soluble, ∆ nonabelian simple⇒ ∆ o Γ Hopfian.

Question

Γ,∆ Hopfian⇒ ∆ o Γ Hopfian?
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